
INTERACTION OF A MONOENERGETIC BEAM OF GAS 

ATOMS WITH A THREE-DIMENSIONAL CRYSTAL 

A .  A .  P y a r n p u u  

There has been a rapidly increasing number of theoretical studies of the interaction of gas atoms 
(and molecules) with solid surfaces. Of particular interest are the so-called numerical experiments car- 
ried out on high-speed computers, which permit a study of a process with various sets of interaction 

parameters, permit a qualitative estimate of their effect on the process, and permit selection of results 
with parameters corresponding to the physical experiments. 

The calculation time required depends primarily on the climensionality and size of the solid unit 
containing the atoms participating in the collision with the gas atoms. For this reason, there is some 
interest in rather crude models, e.g., the one-dimensional models [i, 2], two-dimensional models [3], 
binary-interaction models [4, 5], three-dimensional models with a normal interaction [6, 7], and three- 
dimensional models with oblique, nonnormal interaetions~ but with a bounded solid unit [7, 8]. In particular, 
studies of these models have clarified the effect of various parameters on the interaction; these results 
have been used in studies involving a nearly exact formulation of the problem [8-I0]. Nevertheless, the 
harmonic approximation was used to take into account lattice dynamics in nearly all these studies, and in 

only a few of them were the first lattice atom [i, 7] or all the atoms [3] (in the two-dimensional case) 
related to their neighbors by either a Lennard-Jones or Morse potential. 

In the numerical experiments reported here, we attempted, along with a specific calculation of the 
accomodation coefficient as functions of the interaction parameter, study of the effect of the atomic binding 
in the lattice on the interaction. As a binding potential in the lattice we adopted a Morse potential with 
parameters chosen according to the actual lattice property of various materials (FE, Mo, W). A nitrogen 

molecule (N2) interacts with a lattice according to a Morse or a Lennard-Jones law; the interaction involves 
each atom of the unit. All the atoms in the unit are also interrelated,i.e., each lattice position interacts 
with all the others, of which there are a finite number, according to the assumed finite unit dimensions~ 
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T A B L E  1 
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T A B L E  3 

v ~ = i0  v ~ = 12 v ~ = l/~ 

a p. 

c~e c~n c(e ~ n  c~e ~ n  
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0. 795 
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0. 720 
0.928 
0.935 
0.825 

O. 360 
O. 669 
0.835 
O. 935 
0.960 

0A64 
0.277 
0.415 
0. 550 
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0.478 
0. 700 
0. 760 
0. 708 
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0. 927 
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0. i88 
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0.7i9 
0.800 
0.895 

0. 385 
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0.2i6 
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0. 724 
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T h e  e q u a t i o n s  of  m o t i o n  h a v e  t he  s t a n d a r d  f o r m :  

dZRo ~ - -  ~. OUI(Ro--Rij~) Ro--Rd~: _ F 
M ~ O(Ro--Rd}) Ro- -Rd~ 

~ , j , ~  

d~rij ~ OU t~iJ~ JJ~ 
, ~n i j l~  o {.jIr 

on the right side are the Lennard-Jones and Morse potentials 

18 ~ ' 6  

U ( r )  ~ D [ e  - ~ - c ( r - b )  - -  2 e  ~ - c ( r - b ) ]  

Here R 0 is the radius vector of the gas atom; A... is the radius vector of the equilibrium lattice position; 

rij k is the displacement from this position; M al~ m are the masses of the gas atoms and the lattice atom, 
respectively; and e, ~, D, c, and b are potential parameters. 

To convert the equation and variables to dimensionless form, we use the characteristic time t ~ , which 
we chose to be equal to the ratio R0~ where R0 ~ and v ~ are the distance from the origin and the gas veloc- 

ity at t =0.  We further assume that t=  7"i ~ k = p i j k  o-, M= #m, R 0 =p0 o-,alat t ice constant 

a =  ~o, v ~  v ~ e ~ / M  
D = 6e, b =  ~6, 7 =  c6, U 1=24c01e  , U =  2 ~ D c a .  

The right sides of the equations of motion will then contain the following derivatives, depending on 
the potential: 

do)l t 2 dco e-'~(p ~) e-2~ (o-~) 
dp - p ~ - - ~ =  or -~-= 

they will be multiplied by the dimensionless coefficient 

Ko = 24 pO2 / ~tv2, K 1 = 24 pO2 / v2. Ks = 267pO2 / v2 

i n  t he  c a s e  of  a n  e x t e r n a l  L e n n a r d - J o n e s  p o t e n t i a l  a n d  a n  i n t e r n a l  M o r s e  p o t e n t i a l ,  o r  b y  t h e  c o e f f i c i e n t  

K 0 =  2 6171p ~ ~, K x =  2 6171 pO2/v~ ' K ~ =  267p ~  ~ 

i f  t h e  e x t e r n a l  p o t e n t i a l  i s  a l s o  of t he  M o r s e  t y p e  ( h e r e  t he  i n d e x  " 1 "  c o r r e s p o n d s  to t he  e x t e r n a l  p o t e n t i a l ) .  

F r o m  t h e  ~ c t u a l  v a l u e s  of the  o t h e r  p a r a m e t e r s  we f i n d  K 0 ~ 10 -1 ,  K1 ~ 10-2 ,  K2 ~ 10 -4 .  In  c a l c u l a t i o n s  

i n  w h i c h  t he  i n t e r a c t i n g  a t o m s  a n d  t h e  l a t t i c e s  w e r e  n o t  s p e c i f i e d ,  q u a l i t a t i v e  r e s u l t s  w e r e  o b t a i n e d  f o r  t he  

f o l l o w i n g  p a r a m e t e r s :  c~ 0 . 8 ,  1 .0 ,  1 .2 ;  #) 0 . 1 ,  0 . 3 ,  0 . 5 ,  0 . 7 ,  0 .9 ;  v ~ 6,  8 ,  10,  12,  14 k m / s e c  ( the  d i m e n s i o n -  
l e s s  p a r a m e t e r  v ,  g i v e n  in  T a b l e  1, d e p e n d s  on  •). T a b l e  2 s h o w s  the  o t h e r  p a r a m e t e r s .  
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F o r  c e r t a i n  o r d e r - o f - m a g n i t u d e  c a l c u l a t i o n s ,  the depth  of the i n t e r n a l  p o t e n t i a l  we l l  was  a s s u m e d  
g r e a t e r  than tha t  shown in Tab le  2 (e .g . ,  6 = 0.015 and 1.50).  

Both the d i s p l a c e m e n t s  f r o m  the e q u i l i b r i u m  p o s i t i o n  and  the v e l o c i t i e s  of a l l  the  l a t t i c e  a t o m s  a r e  
i n i t i a l l y  equa l  to z e r o  (at  ~ = 0). The t a r g e t  i s  the a r e a  e n c l o s e d  by  a s q u a r e  of s ide  ~ a r o u n d  the i n i t i a l  
a tom;  wi th in  the s q u a r e ,  the a i m i n g  p o s i t i o n s  (~*, ~?*) a r e  d i s t r i b u t e d  u n i f o r m l y .  The i n t e r a c t i o n  b e g i n s  a t  
a d i s t a n c e  ~ = 2 a long the v e r t i c a l  c o o r d i n a t e ,  so tha t  the c o m p o n e n t s  of the r a d i u s  v e c t o r  P0 of the gas  
a t o m  a r e  i n i t i a l l y  

~*~- ~* tgffcosq), ~l* �9 ~* tg~sinT, 

P0 c o s ~ =  ~* = 2 

w h e r e  the a n g l e s  ~ and (p g ive  the s p a t i a l  p o s i t i o n  of the v e l o c i t y  of the gas  a t o m  (~ = 0 - 1 / 2 ~ r ,  ~ = 0 - 2~r). 
E a c h  t a r g e t  i s  p e n e t r a t e d  by  625 t r a j e c t o r i e s  (25 t a r g e t  po in t s  m u l t i p l i e d  by  25 v e l o c i t y  o r i e n t a t i o n s ) .  

The s y s t e m  of e q u a t i o n s  was  s o l v e d  by the R u n g e - K u t t a  me thod  on a B E S M - 3 M  c o m p u t e r .  The 
p r o g r a m ~  w r i t t e n  in A L G O L - 6 0 ,  y i e l d s  the p a r a m e t e r s  of the i nd iv idua l  t r a j e c t o r i e s  and  the i nd iv idua l  
e n e r g y  and m o m e n t u m  a c c o m o d a t i o n  c o e f f i c i e n t s ,  a s  wel l  a s  the a v e r a g e  c o e f f i c i e n t .  The t i m e  r e q u i r e d  
fo r  a s ing le  c a l c u l a t i o n  (25 t r a j e c t o r i e s )  i s  of the o r d e r  of 25-30 min .  The r e f l e c t i o n  was  d e t e r m i n e d  
f r o m  the y i e l d  of gas  p a r t i c l e s  a t  a m o n i t o r  l e v e l  (~ = 2); the c a p t u r e  t ime  was  m o n i t o r e d  so  tha t  the v e r t i c a l  
c o o r d i n a t e  did  no t  b e c o m e  n e g a t i v e ,  and  the c a p t u r e  o r  to ta l  a b s o r p t i o n  was  m o n i t o r e d  so  that  the v e r t i c a l  
c o o r d i n a t e s  r e m a i n e d  n e g a t i v e  and wi thin  the t a r g e t .  The c a l c u l a t i o n s  w e r e  r e s t r i c t e d  to a uni t  having 
3 • 3 x 2 + I a t o m s .  Con t ro l  c a l c u l a t i o n s  we re  c a r r i e d  out  fo r  a l a r g e r  un i t ,  bu t  the r e s u l t s  d i f f e r e d  v e r y  
l i t t l e ,  whi le  abou t  twice  a s  much  c o m p u t e r  t i m e  was  r e q u i r e d .  

F i g u r e s  1-3 show c e r t a i n  t r a j e c t o r i e s  fo r  the c a s e  of n o r m a l  i nc idence  c h a r a c t e r i z i n g  the i n t e r a c t i o n  
fo r  v a r i o u s  s e t s  of p a r a m e t e r s  wi th  an e x t e r n a l  L e n n a r d - J o n e s  p o t e n t i a l  and an i n t e r n a l  M o r s e  p o t e n t i a l .  
A c o m p a r i s o n  of the t r a j e c t o r i e s  in t h e s e  f i g u r e s  shows  the dependence  of the i n t e r a c t i o n  on the m a s s  
r a t i o ,  on the one hand,  and  on the i n i t i a l  g a s - a t o m  v e l o c i t y ,  on the o t h e r .  

F i g u r e  2 shows  a t y p i c a l  t r a j e c t o r y  with  t e m p o r a r y  c a p t u r e ,  for  # = 0.9 and  v ~ = 6 k m / s e c .  F i g u r e  
3 shows  the dependence  on the l a t t i c e  c o n s t a n t  in the c a s e  of v ~ = 6 k m / s e e .  We note  tha t  in the c a s e  of 

= 1.0 (dashed  c u r v e s ) ,  t e m p o r a r y  c a p t u r e  m a y  occur ;  unde r  o t h e r w i s e  equa l  c o n d i t i o n s ,  t h i s  does  not  
o c c u r  in the  c a s e  of a d e n s e r  l a t t i c e  (c~ = 0.8,  s o l i d  c u r v e s ) .  C u r v e s  1-3 in F i g .  2 c o r r e s p o n d s  to # = 0.1~ 
0.3,  0.5,  r e s p e c t i v e l y .  As a r u l e ,  heavy  a t o m s  a r e  c a p t u r e d  t e m p o r a r i l y .  

It i s  i n t e r e s t i n g  to c o m p a r e  the c o l l i s i o n  t i m e s  a s  a funct ion  of the i n i t i a l  v e l o c i t y  and m a s s  r a t i o .  
The c o r r e s p o n d i n g  c u r v e s  a r e  shown in F i g s .  4 and 5.  

The c a l c u l a t i o n s  show a u n i f o r m  t e n d e n c y  for  a d e c r e a s e  in the e n e r g y  a c c o m o d a t i o n  c o e f f i c i e n t  ~e 
and  in the  n o r m a l - m o m e n t u m  c o e f f i c i e n t  ~n with i n c r e a s i n g  i n i t i a l  v e l o c i t y ,  a s  i s  c l e a r l y  shown b y  F i g .  6. 
An i n c r e a s e  i n t h e  a c c o m m o d a t i o n  c o e f f i c i e n t s  o c c u r s  a l so  a s  the m a s s  r a t i o  i n c r e a s e s .  When a M o r s e  
funct ion is  u s e d  a s  e x t e r n a l  p o t e n t i a l ,  t h e r e  i s  a weak  dependence  of the a c c o m m o d a t i o n  c o e f f i c i e n t s  on p 
(F ig .  7) for  the c a s e  ~ = 1.0, whi le  in the c a s e  of a d e n s e r  l a t t i c e  (c~ = 0.8) ,  th i s  dependence  i s  n e a r l y  l i n e a r .  
Tab le  3 shows  the a c c o m m o d a t i o n  c o e f f i c i e n t s  for  t h r e e  l a t t i c e  d e n s i t i e s  (~ = 0.8,  1.0, 1.2) and  fo r  s e v e r a l  
i n i t i a l  v e l o c i t i e s .  A c o m p a r i s o n  shows  tha t  t h e r e  i s  no c l e a r l y  de f ined  dependence  on the l a t t i c e  d e n s i t y  
and  tha t  the a c c o m m o d a t i o n  c o e f f i c i e n t s  a r e  g e n e r a l l y  quite s i m i l a r  fo r  d i f f e r e n t  ~. 

F i g u r e  8 shows  ~e and o~ n fo r  N 2 - F e  and N 2 - M o  p a i r s .  In both  cases~  a M o r s e  funct ion was  u s e d  a s  

e x t e r n a l  p o t e n t i a l .  

A c o m p a r i s o n  of t h e s e  r e s u l t s  wi th  the a n a l o g o u s  r e s u l t s  fo r  a h a r m o n i c  l a t t i c e  shows  tha t  the l a t t i c e  
wi th  an e x p o n e n t i a l  i n t e r a c t i o n  p o t e n t i a l  i s  s o f t e r  and p e r m i t s  g a s  a t o m s  to p e n e t r a t e ,  o r  a t  m o s t  d e l a y s  
t h e m a t t h e  s u r f a c e  (an a d s o r p t i o n  l a y e r  f o r m s ) ,  fo r  e s s e n t i a l l y  a l l  m a s s  r a t i o s  and i n i t i a l  e n e r g i e s ,  e x c e p t  

fo r  p u r e l y  n o r m a l  c o l l i s i o n s .  

The i n t e r a c t i o n  t i m e  i s  g r e a t e r ,  bu t  the  c o n t r o l  c a l c u l a t i o n s  showed  tha t  the s i ze  of the unit  which  
(within a s p e c i f i e d  a c c u r a c y )  p a r t i c i p a t e s  in the c o l l i s i o n  does  no t  c ha nge .  The o v e r a l l  t e n d e n c y  i s  fo r  
g r e a t e r  a c c o m m o d a t i o n  c o e f f i c i e n t  than  in h a r m o n i c - l a t t i c e  c a s e .  

F o r  e x a m p l e ,  the  a v e r a g e  a c c o m m o d a t i o n  c o e f f i c i e n t s  ob ta ined  f o r  an F E  l a t t i c e  with M o r s e  b ind ing  
and  wi th  an e x t e r n a l  N 2 - F e  M o r s e  p o t e n t i a l  a r e  c% = 0.371 and  0.327,  an  = 0.213 and 0.180 fo r  v e l o c i t i e s  
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v ~ = 6 and 8 fo r  v ~ = 15~ the t a n g e n t i a l - m o m e n t u m  a c c o m m o d a t i o n  c o e f f i c i e n t s  a r e  o~. r = 0.128 and 0.177.  
T h e s e  v a l u e s  d i f f e r  f r o m  those  c a l c u l a t e d  fo r  a h a r m o n i c  l a t t i c e ,  e x a m i n e d ,  in p a r t i c u l a r ,  in [8], only  by  

a few p e r c e n t .  

A c a l c u l a t i o n  c a r r i e d  out fo r  a c r y s t a l  wi th  e l a s t i c  i n t e r a c t i o n  f o r c e s  in th i s  v e r s i o n  y i e l d s  ae  = 0.352 
and  0.327,  a n  = 0.196 and 0.169,  ~ = 0.119 and 0 .169.  The de pe nde nc e  of the a c c o m m o d a t i o n  c o e f f i c i e n t s  on 
the g a s - s u r f a c e  p o t e n t i a l ,  on the o t h e r  hand,  i s  s t r o n g e r .  The c o r r e s p o n d i n g  a c c o m m o d a t i o n  c o e f f i c i e n t s  
fo r  the N 2 - F e  v e r s i o n  wi th  a L e n n a r d - J o n e s  e x t e r n a l  p o t e n t i a l  a r e  % = 0.542 and 0.465,  o~ n = 0.282 and 

0.203,  a T = 0.171 and  0.175.  

A d e t e r m i n a t i o n  of q u a n t i t a t i v e  c r i t e r i a  showing  the a p p l i c a b i l i t y  of the h a r m o n i c  a p p r o x i m a t i o n  fo r  
l a t t i c e  d y n a m i c s  would  o b v i o u s l y  r e q u i r e  a d e t a i l e d  c a l c u l a t i o n  fo r  many  p a r a m e t e r s .  Only c o n t r o l  v e r -  
s i o n s  of t he se  c a l c u l a t i o n s  we re  c a r r i e d  out,  f r o m  which  we d e r i v e  the qua l i t a t i ve  c o n c l u s i o n  above .  Since 
the c a l c u l a t i o n  t ime  r e q u i r e d  for  an a n h a r m o n i c  l a t t i c e  is  much g r e a t e r  than tha t  fo r  a h a r m o n i c  l a t t i c e ,  
whi le  the r e s u l t s  do not  d i f f e r  g r e a t l y  f r o m  those  a v a i l a b l e ,  i t  does  no t  s e e m  w o r t h w i l e  to c a r r y  out m o r e  
n u m e r i c a l  c a l c u l a t i o n s  in th i s  f i e l d  un t i l  good  s e m i e m p i r i c a l  i n t e r a c t i o n  p o t e n t i a l s  o r  r e l i a b l e  e x p e r i m e n t a l  
r e s u l t s  a r e  a v a i l a b l e  to j u s t i f y  such  p o t e n t i a l s  o r  r e l i a b l e  e x p e r i m e n t a l  r e s u l t s  a r e  a v a i l a b l e  to j u s t i f y  
such  l a r g e  e x p e n d i t u r e s  of c o m p u t e r  t i m e .  
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